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1 Introduction 

Consider a continuous, absolutely irreducible mod p representation 

p ■ Gq —>■ GL2(k), 

with k a finite field of characteristic p, and Gq the absolute Galois group of 
the field of rational numbers Q and p an odd prime. 

Suppose now that p is modular, that is p arises from a Hecke eigenform /. 
Then we know there exists a representation pf : Gq — GL 2 {Of) where Of 
is the ring of integers of some finite extension of Qp whose reduction mod a 
uniformiser is p. One can associate to p/ a Selmer group that is defined via 
Galois cohomology. The calculation of the order of this Selmer group played 
a key role in the proof of the Shimura-Taniyama-Weil conjecture. 

In this paper we do not assume p is modular. For instance, if p is even, i.e. 
detp{c) = 1 where c G Gq is a complex conjugation, then p is necessarily not 
modular. The point of this paper is to find, for p odd or even, a deformation 
p : Gq — GL2{0) of p where O is again the ring of integers of some finite 
extension of Qp such that the Selmer group associated to p is finite. 

We remark that in many cases deformations p of p had been constructed 
in [R2], but finiteness of the associated Selmer did not follow from that work. 

In the last section we show how to remove the Generalized Riemann 
Hypothesis from Theorem 2 of [Rl] and construct irreducible potentially 
semistable 2 dimensional p-adic Galois representations that are deformations 
of p, when p is odd, and are ramified at infinitely many primes. This method 
also applies to show how many even mod p Galois representations can be 
deformed to characteristic zero representations ramified at infinitely many 
primes. 
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We now consider the specifics of our situation. Once and for all we fix 
p satisfying the hypotheses below. These hypotheses imply others that we 
need but use only implicitly. 

• p and A(f(j)) are absolutely irreducible Galois representations. 

• The (prime to p) Artin conductor N{p) of p is minimal amongst its 
twists. 


• We assume, as we may do, that the Serre weight k{p) of p is between 
2 and p + 1. 


If p is even then for the decomposition group Gp above p we assume 

X 0 ' 


that p |g is not twist equivalent to 


0 1 


or twist equivalent to 


the indecomposable representation 
cyclotomic character. 


0 


^ where y is the mod p 


• If p is odd we assume p Igj, is not twist equivalent to the trivial rep¬ 
resentation or the indecomposable unramified representation given by 



• p > 7 and the order of the projective image of p is a multiple of p. 


If one excludes the second part of the last condition, then p is allowed to 
have image of order prime to p. In this case it is easy to see that there is a 
unique ‘TeichmuIIer’ deformation of p to IT(k) that has image isomorphic to 
that of p. 

Let S be the set of containing p, cx) and the primes at which p is ramified. 
Note that the primes other than p and oo at which Ad^{])) and p are ram¬ 
ified are the same by our assumptions. Consider the minimal deformation 
ring Rs (also called in many references) of p and the universal minimal 
deformation : Gq —> GL 2 {Rs)- The ring Rs, like all the rings that will 
occur in the course of this paper, is a complete Noetherian local ring (CNL) 
with residue field k that is a IT(k)-algebra, and all maps between such rings 
will be maps of W (k) algebras that induce the identity on residue fields. 

The universal deformation has the property that it is unramified at the 
primes outside S and satisfies the following conditions: 
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• If £ 7 ^ p, and p{Ii) has order ci with p /q then has the same 

order q. 

• If £ 7 ^ p is snch that p(/^) has order q = p, then has an 

nnramihed qnotient of rank one. (Note that if p|q then q = p). 

• There is also, for p odd, a condition at p described in the ‘Local at p 
considerations’ section of [R2]. This is the condition of ordinariness or 
flatness etc. For p even there is no local condition imposed at p. 

• We £x determinants of onr deformations. There is an integer k with 
2 < k < p and a character ( of Gp snch that pl/^ is isomorphic to either 

^k-1 ^ ^p(k-l) 

or ( Q ^ j where ^jJ is a fnndamental character 

of level 2. We write the global character det{'p) = ax^~^ and fix the 
determinants of deformations we consider to be 

Then it is expected, at least for p odd, that Rs is a hnite, flat IF(k)- 
module: the finiteness of over Frac{W (k)) is predicted by the Fontaine- 

Maznr conjectnres (cf. [FM], bnt also see Conjectnre ^ below). 

We need the following definition/lemma to state onr main theorem. 

Definition 1 Let S' be a finite set of primes disjoint from S, such that for 
s' E S', s' is not ±1 modp andpfFrohs') has eigenvalues with ratio s'. There 
is a CNL W(jk)-algebra Rs\js' that is the universal ring for the (representable) 
deformation problem which to any CNL W(k)-algebra A, with maximal ideal 
m^i, assigns the isomorphism classes of continuous representations Gq —>■ 
GL 2 (A) of fixed determinant as above that are 

• minimal at S 

• unramified outside S U S', 

• mod the maximal ideal of A, eqnal to p. 

Denote by the corresponding universal representation p™^/ : Gq —>■ 

GL 2 {RsuS')■ For any a <Z S' consider the deformation problem which to any 
CNL W{k.)-algebra A assigns the isomorphism classes of continuous repre¬ 
sentations p : Gq — GL 2 {A) of fixed determinant as above that are 

• minimal at S 


3 


• unramified outside S U S', 

• mod voa, the maximal ideal of A, equal to p 

• at primes s' G a, p\g^, is up to twist of the form 

Then this deformation problem is representable (see lemma below) by a CNL 
W{}T)-algebra , and we denote by the corresponding universal 

representation '■ Gq —> GL 2 (R^(,^T''). There is a canonical surjection 

Rsus' a <Z S'. We denote the kernel of the map RsuS' 

flfu'”” iy PS'- 

Below is the implicit representability claim in Definition |l|. 

Lemma 2 The deformation problem where we reguire the properties of Def¬ 
inition 01 above is representable by a CNL W{]T)-algebra Rsus^^, and we 
denote by Psifs^^ the corresponding universal representation '■ Gq —>■ 

GL 2 {R^ffff'“’)■ There is a surjection Rsus' whose kernel we de¬ 

note by ps'. 

Proof. We simply sketch the proof as it is quite standard. Using Mazur’s 
work ([Ma2]) we know Rsus' exists. Mazur also showed for the prime p (see 
[Mai] for instance) that one could impose the condition of ordinariness at p. 
Then one had a closed subfunctor of the original representable deformation 
functor. Here we are imposing for each s' G a a condition almost identical 
to ordinariness. That s' is not 1 mod p and p\g^, is of the form above is 
sufficient to guarantee that a corresponding closed subfunctor of the original 
deformation functor exists (as these are deformation conditions in the sense 
of Sections 23 to 25 of [Mai]). Letting s' run through a and taking the 
intersection of these closed subfunctors, we are done. 

The following theorem is the main result of this paper (see Theorem |T^ 
below): 

Theorem 3 There is a finite set of primes S' = ..., s'^} not congruent 

to ±1 mod p, at which p has eigenvalues with ratio s'^ such that R^skfis''^'" — 
W (k). We can choose the set of primes S' so that the universal deformation 
P^svfs'^^ : Gq —>• GL 2 (lU(k)) corresponding to — W{k) is ramified at 

all the primes of S'. 


0 1 
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Remarks: 

1) The existence of S' so that — W(k) follows directly from the 

methods of [R2]. However in [R2] it was not known that the representation 

was ramihed at the primes of S'. For s' G S', the corresponding 
versal local representations are indeed ramihed, but it is not automatic that 
is ramihed at all primes of S'. Indeed, for some prime s' E S we 

might have had that was equal, up to twist, to ^ ^ ^ In 

the present work we obtain ramihcation at these primes by choosing S' to 
be (possibly) larger than the “auxiliary set” of [R2]. The main dichotomy 
that this paper addresses is that, on the one hand the deformation problem 
which assigns to S' as above lifts of J) that are ramified at all primes in S' is 
not representable (being ramihed at a prime is not a condition in the sense 
of Section 23 of [Mai]), while on the other hand it is not obvious that the 
universal representation is ramified at all primes in S'. 

2) For (many) odd p, the recent important work of Taylor, cf. [Tl], implies 

that is ramihed at all primes in S' for all S' such that — 

IF(k). Taylor’s methods are partly geometric and very diherent from the 
methods of this paper. The methods of this paper are purely Galois coho- 
mological and work for p odd and even uniformly, while Taylor’s work does 
not address the case of p even. In [T2] the results of [R2] are extended to 
the case of p = 3, 5: then our methods do prove an analog of Theorem ^ for 
p = 5. 

Using Theorem 1 we can deduce easily (see Theorem below): 
Theorem 4 The tangent space ps'lp's' 


Remark: 

The tangent space above in Theorem || is called a Selmer group because of 
the cohomological interpretation of its dual as in Proposition 1.2 of [W] (see 
also proof of Theorem |^, hence the title of the paper. When p is even 
this Selmer group is not the one considered by Bloch and Kato, but it is the 
one that is more pertinent when studying deformation rings. In the case of 
p even, in some particular cases, deformations of p to characteristic 0 were 
produced, prior to [R2], in [R4]. Using particular features of these lifts, the 
hniteness of the associated Selmer groups was proven in [R4] and [Bj. 
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We recall that an irreducible component of a ring i? is a quotient R/P 
for P a minimal prime ideal. 

Corollary 5 The prime ideal ps' is minimal. Thus the deformation ring 
Rsus' contains an irreducible component isomorphic to W(k). 

We will also give an application of Theorem ^ to a conjecture of Fontaine- 
Mazur (see Proposition ^ below). 

We thank the anonymous referee for careful reading of the original manuscript 
and many helpful suggestions. In particular, the referee suggested a major 
simplihcation of the results of section 3. 

2 Auxiliary sets 

Definition 6 A finite set of primes S' disjoint from S is said to he auxiliary 
if for all primes s' E S', s' is not ±1 mod p, p(Frobs') has eigenvalues with 
ratio s', and (defined in Definition^ is ~ fF(k). 

Definition 7 If p : Gq —> GL 2 {W(k)/p'^) is a continuous representation 
that is a lift of p, with determinant fixed as in the introduction, then p is 
special at s', if s' is not ±1 mod p and if p\g,,, can he conjugated to (we will 
also say for simplicity, is of the form) 



up to twist. The * may be trivial. 

The * can be genuinely nontrivial if and only if p is ramihed. 

Recall from [R2] and [T2] that when studying a global deformation prob¬ 
lem, we prescribe a local deformation condition at each of the primes at which 
ramihcation may occur. In particular, for a local problem at v we choose a 
class of deformations of p |g„ to IF(k) which we call C^. For v E S, C.„ con¬ 
sists of deformations of p |g„ to IF(k) that are minimal in the sense of the 
introduction. Another way to think about this is that is the set of W (k)- 
valued points on a certain smooth quotient of the unrestricted local deforma¬ 
tion ring. The surjective map onto this smooth quotient induces a surjective 
map on the (mod p) tangent spaces to these rings. Since the dual of the tan¬ 
gent space of the unrestricted local deformation ring is H^{Gv, Ad^ifi)), the 
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smooth quotient gives rise to a subspace of AdP{p)) which we denote 

K. 

For each possible p|g„ one needs to compute and Afv In particular, to 
hnd a characteristic zero deformation as in [R2] and [T2], one needs that 

dim\^H^(Gv, A(f{'p)) = dim\^N'v + dim]iH^{Gv, Ad^ij))) + 5 

where 5 = 0 except when p is odd and v = p, in which case 5 = 2. The 
calculations of Afy and Cy are laborious and not included here. See [R2]. 
Note, however, that the excluded situations of the introduction are those 
for which the above equation does not hold. (More precisely, at present we 
do not see how to choose Cy and J\fy appropriately in these cases). For p 
odd and not in an excluded case of the introduction, Cp consists of certain 
potentially semistable representations. Locally, and therefore globally, these 
representations are semistable up to a twist by a character of finite order. 
For p even the local deformation ring at Gp is smooth and Cp is taken to be 
the (IF(k)-valued points of) the entire deformation ring. Throughout this 
paper, for s' a prime in an auxiliary set, we will insist p is special at s' and Cg' 
will consist of the special W (k)-valued points of the local at s' deformation 
ring. In this case elements of H^{Gs', Ad^(j))) are trivial on wild inertia, so 
we may consider them as functions on tame inertia, which is topologically 
generated by ag' corresponding to Frobenius and Tgi corresponding to (tame) 
inertia. Afg/ is spanned by the 1-cohomology class given by 

(o o) 9<^-'> = (o o)' 

Also see the discussion after Lemma 2 of [R3]. 

Recall from section 6 of [R3] that there is a subheld k of k which is 
the minimal held of dehnition of the representations of Gq on AdA{j>) and 

AdAij))*. Denote the descents to k of Ad^{'p) and AdPij))* by Ad (p) and 
Ad (p)* respectively. 

Lemma 8 LetJ >: Gq GL 2 (k) he given with S defined as usual. Assume p 
satisfies the hypotheses of the introduction and X D S is a finite set such that 
X\S consists of special primes. For n > 2, let pn : Gx —^ GL 2 (W(k)/p'^) 
be a deformation of fi unramified outside X. Let ipi (i = be 

finitely many h-linearly independent elements in H^{Gx, Ad (p)) and (f)j(j = 


7 



1, • ■ •, rj be finitely many ^-linearly independent elements in H^{Gx, Ad (p)*). 
Let Q{Adl^(j))) be the field fixed by the kernel of the action of Gq on Adfiifp). 
Let K = Q(A(i°(p),/ip) be the field obtained by adjoining the pth roots of 
unity to Q{Ad^{'p)). We denote by K^. and the fixed fields of the kernels 
of the restrictions ofipi,(()j to Gk, the absolute Galois group o/K. Let P„ 
be the fixed field of the kernel of the restriction of the projectivisation of pn 
to Gk- Then each of the fields K^., P„ and K(/ipn) is linearly disjoint 
over K with the compositum of the others. Let I be a subset of {!,■■ ■ ,m} 
and J a subset of {1, ■■■ ,r}. Then there exists a prime w ^ X such that 
1) Pn-ij the mod reduction of pn, is special at w but pn is not special at 

w. 

fiOforiel and = 0 for i e {1, • 

3) fiO for j e J and = 0 for j e {1, ■ ■ ■, r}\J. 

Proof. (We actually require in 3) above that fij ^ but since fij is 

unramified at w, it is an exercise to see this is equivalent to 0). 

The proof is quite standard and is essentially contained in proof of Lemma 
1.2 of [T2]. The main differences are 

• In [T2] w is chosen only so that 7 ^ 0 and 0. 

• Pn and condition 1) do not figure there. 

We take care of these in the proof we sketch below (as in Lemma 2 of [Rl]). 
Observe the field fixed by kernel of the action of Gq on Ad^ifp)* is contained 
in K. The following facts are in section 7 of [R3]. See also Section 1 of [T2]. 

• and K^. are Galois over Q and linearly disjoint over K 

• Ga/(K.i/,./Q) injects into AdPifp) and the map is Ga/(K/Q) equivariant. 
Also the short exact sequence 

1 ^ Ga/(K^,/K) ^ Ga/(K^yQ) ^ Ga/(K/Q) ^ 1 

splits. 

• Ga/(K</^yK) injects into Adfiifp)* and the map is Ga/(K/Q) equivari¬ 
ant. Also the short exact sequence 

1 ^ Ga/(K</./K) ^ Ga/(K^^VK) ^ Ga/(K/Q) ^ 1 


splits. 



The Ga/(K/Q) equivariant isomorphisms Ga/(K 0 /K) — AdPij))* and 
Ga/(K^/K) — AcPij)) give k structures to Ga/(K^,/K) and 
making these maps isomorphisms of k[Ga/(K/Q)]-modules. We have Ga/(K^/K) ~ 

Ad (p) and Ga/(K 0 /K) ~ Ad (p)* as k[Ga/(K/Q]-modules. Let pt : Gq —> 
PGL 2 {W (k)/p*) for t = 1 , • • •, n be the mod p* reduction of the projectivisa- 
tion pn of pn- Then we claim that the image of pt contains PS'L 2 (fT(k))/p* 

This is true for t = 1 by assumptions on p and then follows inductively for all 
t by the proof of Lemma 3 on IV-23 of Serre’s book [S] (here we use p > 3). 

Thus we have an exact sequence 

1 —> Ad (p) — Image{pt) Image{p^i) 1. 

It is easy to see, using the assumption that p > 3, that this is a non-split 
exact sequence for alH > 2 . 

From this and the argument at the end of proof of Lemma 1.2 of [T2] it 
follows easily that each of K^^., K^., P„ and K(ppn) is linearly disjoint over 
K with the compositum of the others. After this getting a w that satisfies 
the conditions of the lemma is an application of Chebotarev’s theorem using 
the (strong) linear disjointness of K^^,, K^,, and K(ppn) over K. 

Definition 9 For a finite set X containing S we define the Selmer group 
Ad^{p)) to be the kernel of the map 

H\Gx,Ad\p)) ^ ®.^xH\G,,Ad^{p))/K 

and the dual Selmer group Hj^j^{Gx, Ad^iji)*) to be the kernel of the map 

H\Gx,Ad%py) ^ ®,^xH\G,,Adypy)/Afy 

where C H^{Gv, AdPifp)*) is the annihilator of C H^{G^, AdP{]))) via 
local duality. 

Fact 10 For our given Ji an auxiliary set exists. 

Proof. We only give a brief sketch here. We refer the reader to [R2] and 
[T2] for details. There is a Galois cohomo logical criterion (realisable!) for 
auxiliary sets to exist, namely Hj^j^{Gsus', ^d^ip)*) = 0. Recall for any 
X ^ S we get, from the Poitou-Tate exact sequence, the exact sequence 

H\Gx,Ad\p)) ^ ®,exH\G,,Adyp))/K ^ P^x(Gx, Ad^p)*)"" 
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^ H\Gx,Ad%p)) ^ (B.^xH\G,,Ad%p)). 

If Hj^^{Gx, Ad^{p)*) is trivial then one can construct a deformation p of 
p to I^(k) such that p|g„ G for all n G X by deforming from mod p” 
to mod One does this by observing the obstruction to deforming lies 

in H‘^{Gxt Ad?{j))) aiid since H^^{Gx, Ad^{p)*) = 0 this can be analyzed 
locally. The local obstructions can be made to vanish by ‘moving’ from our 
given mod p"’ deformation to an unobstructed mod p” deformation. That 
this is possible follows from the surjectivity of 

H\Gx,Ad^{p)) ^ ®,exH\G,,Ad\p))/K. 

In fact the set of all such deformations ends up being a power series ring over 
lT(k) in dim {HIj-^{Gx^ Ad^iji))) variables. 

Remarks: 

1) As all primes s' in our auxiliary sets are special for p we will always have 
that H%Gs',Ad%p)) and H\Gs', Ad%p))/Afs' are one dimensional. See the 
Section 3 of [R3]. 

2 ) By Proposition 1.6 of [W] H^^{Gxi AdP {]>)*) and H\f^{Gx-, AdPij))) have 
the same dimension. Thus when we have annihilated the Selmer group, we 
have also annihilated the dual Selmer group and the power series ring referred 
to in the proof above is just iy(k). 

3) It follows from [R2] and [T2] that any set S", such that the primes in S' 
are not ±1 mod p, and are special for p, and such that R^svJs'^^ ~ ^(k), has 
cardinality at least n-p = dim H^^{Gs, Ad^ij))*). We call these S' minimal 
auxiliary sets. 

3 Ramified auxiliary sets 

We begin with a definition. 

Definition 11 An auxiliary set S' such that the corresponding representa¬ 
tion is ramified at all primes of S' is said to be a ramified auxiliary 

set. 


The purpose of this section is to prove that ramified auxiliary sets 
do exist. We state the main theorem of this section which is essentially a 
restatement of Theorem 
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Theorem 12 For our given p there are infinitely many ramified auxiliary 
sets. 

Consider the unique deformation ■ Gq GL 2 {W(k)). If it is 

ramified at all primes in S' we are done. If not, we write S' = U S'^^ 
as the disjoint union of primes that are ramihed in p^sus''^^ primes that 
are unramihed in assume S'^^ is nonempty and if we can discard 

any primes from C S' and the set remains auxiliary we do so. Choose 
s' G S'^„. We will replace s' by two primes si and S 2 such that S" = S" U 
{si, S 2 }\{s'} is an auxiliary set and PsuS"^^'^ ramihed at {si,S 2 } U 5''^^- 
Thus we replace S' by an auxiliary set that has one more element, but the 
set of unramihed primes for the new representation is at least one smaller 
than for S'. Repeating this process leads to a ramihed auxiliary set. 

Let n be an integer such that PsJ^^n-ii P"'~^ reduction of p^svJs'^^■> 

is ramihed at all primes of 5'^^. We will consider the set S"\{s'}. The new 
deformation we construct will, mod be equal to p^svjS'^n-i hence 

ramihed at all primes of 

Proposition 13 We assume S U S"\{s'} is not auxiliary. Let span the 
Selmer group for S U S"\{s'}. There exist primes si and S 2 such that 
V Psu^^^n-i special at si hut p^svjS''^n special at si. 

P^sus'^n-i special at S 2 . 

3) The map H^{Gsus'u{si}\{s'}, Ad^{p)) ^ ®y<.sus'\{s'}H^{G^,AdP{p))/Ny 
has one dimensional kernel spanned by 

4) The map H\Gsus'u{s 2 }\W}, Ad^ip)) ^ ®v€Sus'\{s'}H^{Gv, Ad°{p))/J\f^ 
has dimensional kernel spanned by 

Proof: By the hrst two remarks at the end of the section, the Selmer group 
for S'US" is one dimensional as is the dual Selmer group for SUS'. Let fi and 
(f span the Selmer group and dual Selmer group for S U S''\{s'} respectively. 
Use Lemma ^ to choose a prime si such that 

• 1) is satished, 

• V’Ig.i = 0 

• 4>\gs, + 0 . 
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This choice insures that the Selmer group and dual Selmer group for S U 
S' U are one dimensional and that (the inflation of) V’ spans this 

Selmer group. The map 3) is surjective by Proposition 1.6 of [W]. (We take 
Csi to be all of for v ^ si we take to be Af^). That 

the kernel of 3) is one dimensional also follows from Proposition 1.6 of [W]. 

Let cj) span the Selmer group for S' U S" U {si}\{s'}. Now choose S 2 to 
satisfy the three bulleted items below. 

• 2) is satisfied, 

• is not zero in H^{Gs^/Is 2 ^ 

• 0|g.2 ^ 0, 

• ^ 0 . 

By construction 0 and 0 are independent so Lemma ^ allows us to choose 
S 2 as above. This gives that the sets S' U {s 2 }\{s'} and S' U {si, S 2 }\{'S'} 
are both auxiliary. The Selmer group map for S U S" U {s 2 }\{s^} is then an 
isomorphism. An application of Proposition 1.6 of [W] gives us 4) and the 
proof is done. 

We have that 

• The sets S', S"U {s 2 }\{s'}, and S" = S"U{si, S 2 }\{s'} are all auxiliary. 

• minimal at all primes of S, special at all primes in S", 

and unramihed outside S' U S'". Since both 

isomorphic to iy(k) we see the deformations Psi7s'^n-i 

are equal. 

• PsPg^'^n unramihed at s' and not special at Si. 

Using these facts it is routine to see there is an h G II^(GsuS", Ad^(p)) such 
that = (I + p-^h)plj-:’. 


Proposition 14 ramified at both si and S 2 - 

Proof. We have 


S"-new — {1 \ 

P5u5",n — U + P 'PPsu5',n ' 


n—1 ■L \ —new 
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Note that h\G^ G Mv for all r; G S' U S"\{s'} since both sides are the mod p” 
reductions of elements of for these v. 

Suppose the left hand side is unramihed at s, for i = 1 or 2. Then h 
inflates from H^{Gs[js"\{si}^^dP{p)) and is in the kernel of the map 4) or 
3) of Proposition |^. But the kernels of these maps are spanned by (the 
inflation of) '0 which is trivial at Si. Then the right hand side above is not 
special at Si, so the left hand side is also not special, a contradiction. Thus 
is ramihed at si and S 2 - 

Now replace the auxiliary set S' by the new auxiliary set S" = S" U 
{si, S 2 }\{s'} and repeat the process. The fact that there are inhnitely many 
ramihed auxiliary sets follows from an inspection of the proof. This hnishes 
the proof of Theorem IK. 


4 Selmer groups 


Consider a ramihed auxiliary set S' = ..., s(j}. Then the corresponding 

representation : Gq —>• GL 2 (hP(k)), that arises from the isomorphism 

~ hP(k), is ramihed at all the primes in S'. Such an S' exists by 
Theorem |^. We have a surjection Rsus' ~ hP(k): let pg' be 

the kernel. For each i let rrii be the largest integer such that |g / is 

unramihed. By choice we have rrii < oo. 

Theorem 15 If s' is a ramified auxiliary set, the tangent space pg' /is 
a finite abelian group. 


Proof. We see by standard arguments as in Proposition 1.2 of [W], or [Mai], 
that we can identify the dual of pg' jp^^i as a Selmer group, i.e., as the kernel 
of the map 


S —new 






) ® Qp/Z, 




For s' G S'', note the representation space of pf 


sus' 


has a one dimensional 


stable subspace. Let Z C Ad ^be the (upper triangular) one dimen¬ 
sional subspace of nilpotent elements that are preserved under conjugation 


by p‘ 


S —new I 

fius' 

We dehne L„ as follows: 


IG. 
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• For V E S, V ^ p, we define Ly to be the kernel of the map 


H\Gy, ® Qp/^p) ^ H\ly, ® QpI'^p)- 

• For s' G S' we dehne Lgi to be the kernel of the map 

H\Gg,, (8)Qp/Zp) ^ H\Gg,, ® Q^/Zp). 

• If p\gp is odd, reducible, and flat, Lp is dehned as in the flat case. 

• If p\gp is odd and not reducible then we dehne Lp as in the hat case 
using Fontaine-Lafaille modules of appropriate hltration length. 

• In all other (necessarily reducible) odd cases dehne Lp as in the ordinary 
situation. 

• If p is even then Lp is dehned to be all of H^{Gp, Ad?{p^^~^^'''')®Q,p/'Lp). 

Recall we identify the dual of with the kernel of the map 


H\Gs^sEAd\p^^-^^''') ® Qp/Zp) ^ n,e5 


H\Gy,Ad\pl-^^''')®QplZp) 


Using the fact that is isomorphic to IF(k), we deduce that the kernel 


of the map 

is trivial. Thus the dual of pg' / p"^, injects into 


H\Gy,Adyp^-^n®Qp/^p) 


n., 


H\GgGAd\pl-rn ®Qp/^p) 


s'eF' 


sus 

Lgf 


The following lemma completes the proof of Theorem pT| . 

Lemma 16 Let s' G S' and let m be the largest integer such that 
is unramified. 

1) ® Qp/ZpYs' D AdYpi-^n ® p-™Z/Z and 

(kldO(p|'--^)®Q,/Z,)R 


Ad^{p%YY"")®v-^^l^ 


~ Z (g) Qp/Zp. 
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2) The inflation map 

HflGsflIs', ® Qp/T^pY^') ^ {AdYp^'jY^n ® Qp/^p)) 

is an isomorphism. 

3) H\G,,,Ad\p^^-Yn ^Qp/'Lp) ^ Wiy)/p^ 

4) For all s' E S we have that Lg' is trivial 


Proof. First observe since s' is not 1 mod p that H^^Gg'/h', ^ ® Qp/Zp) 
and H’^iGg!/Igi, Z ® p~^7j/Z) are trivial for r = 0,1. 

1) This is a routine computation that uses ramification first occurs mod 

2) Using infiation-restriction, it suffices to prove H^{Ig^, A(i°(p^Jg^®’^)®Qp/Zp) 

is trivial. This last group is isomorphic to {Ad^Z> Qp/Zp)/^, which 
in turn is isomorphic to W (k)(—1) ®Qp/Zp which is trivial as s' is not 1 mod 

p. 

3) We have the exact sequence 

0 ^ Ad\p^^-^^''')®p-'^’LlZ ^ (Ad°(p^^-?^"’)®Qp/Zp)"^' ^ Z®%l^p ^ 0 

of Ggi/Igi modules. Since s' is not ±1 modp we see HflGg'/Ig', Z®Qp/Zp) = 
0 for i = 0,1. Taking Gg>/Ig> cohomology we conclude 




'Z/Z)) ~ hHg., 11... 


Since 

- W{\i){-l)/p'" © lU(k)/p™ © lU(k)(l)/p”^ 

as Gg' / Ig! modules, the conclusion follows from 2) and a routine calculation. 

4) We take Gg' cohomology of the sequence 


0 ^ Z © Qp/Zp ^ AdYp^'jY^n © Qp/^p ^ AdYp^^j^rn/z © Qp/Zp ^ 0. 
The computation of Gg' invariants is routine and we get 


0^0^ WOY/p'" ^ W(k) © Qp/Zp ^ H\Gg,, Z © Qp/Zp) 
H\Gg,,AdYp^'jY^nmp/^p) ^ i:f'(G's',dldO(p^^---)/©©Qp/Zp) 
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We will prove the map W{h) ® Qp/Zp — Z ® Qp/Zp) is surjective. 
This will give injectivity of 

0 Qp/Zp) ^ H\Gs', Ad\p^^-^^^)IZ ® Qp/Zp) 

and we will be done. 

Recall {Z ® Qp/Zp)h' = Z ® Qp/Zp and consider the inflation-restriction 
sequence 


0 ^ H\Gs>/Is', {Z ® Qp/Zp)^0 H\Gs', Z ® Qp/Zp) 


^H\h,,Z®Qp/Zp)^s'/is' 

The last (hfth) term is 0 as it is actually an of the group Gg' /1 s' which has 
cohomological dimension 1. We know H^{Gs'/Is', {Z ® Qp/Zp)^'*') is trivial 


so 


H\Gs', Z ® Qp/Zp) ^ H\ls', Z ® Qp/Zp)^^'/"»' 

is an isomorphism. Since Q' acts trivially on Z we see ZtZQp/Zp)^"'^^"' 

is just the Gs'/Ig' equivariant elements of Hom{Is', Z®Qp/Zp). By our choice 
of s' the actions of Gg'/Is' on (the abelianisation of) Ig' and on Z Z) Qp/Zp) 
are compatible so we need only hnd Hom{Ig', Z ® Qp/Zp) which is just 
Hom{Zp, W(k) (g) Qp/Zp) which in turn is W(k) (g) Qp/Zp. 

We have proved H^{Igf, Z® Qp/Zp)^"' is isomorphic to W (k) ® Qp/Zp. 
Thus the map we needed to prove surjective is just the multiplication by p”* 
map on hT(k) ® Qp/Zp which is clearly onto. The proposition and Theorem 
ISl are now proved. 


Remarks: 

1) Note that the proof of Therorem ^ crucially uses, and is more or less a 

formal consequence of the fact, that pf, / is ramihed for all s' G S'/ 

2) It also follows from 3) and the proof that if we denote by pa the kernel of 

the map ^ Pa/pa^ is isomorphic to a 

subgroup of Ils'^a,W(k)/p™'h 


Corollary 17 The prime ideal p^/ is minimal and thus Spec{Rg^g/) has an 
isolated component that is isomorphic to iy(k). 
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Proof. Consider the localisation , of Rsijs' pg'. Then as Rgug' / Ps' 
of characteristic 0, we see that p is invertible in R^^,, and thus that pg' / 
is zero as it follows from Theorem 1^ that it is a p-torsion group. But then 
as pg/ is a proper ideal, and R^ , is Noetherian, we conclude that pg/ is 0 in 


R 




Hence pg/ is a minimal prime ideal of Rgijg', i.e., Spec(i? 


isolated component of Spec(i? 5 ug' 


S —new\ 

sus' ^ 


IS an 


Corollary 18 If Rgug' is a complete intersection ring, then it is finite flat 
over W(k). 

Proof. We can arrange for an epimorphism (j) : lT(k)[[Ti,... ,Td\] —>■ Rgus' 
with kernel I contained in the ideal J = (Ti,... and further the com¬ 
posite map W(k)[[Ti,... ,Td\] ^ Rg^g/ given by Tj ^ 0. Let I be 

generated by (ri,... ,re) for some integer e > 0. As 0(J)/0(J)^ is hnite by 
Theorem the images of r* in J/ span a full sublattice of J/ ~ IT 
Thus e is at least d and the corollary follows. 

Let 7 s' be a generator of the unique Zp quotient of I s'- Consider the 
universal representation : Cq —> GL 2 {Rgyjg'). Because of the nature of 
the primes s' G S' (in particular none of them is congruent to ±1 mod p) and 
the structure of tame inertia groups recalled above we see that P^'^g/iRs') is 
well-dehned (on choosing a prime of Q above s') and of the form 

( I Xs' \ 

VO i; 

Consider the principal ideal and choose a generator Xg/ for it. 

Note that Xg/ is not nilpotent as S' is a ramihed auxiliary set. 

Corollary 19 ^ Frac{W{\^)). 

Proof. Consider the representation Gq —>• GL 2 {Rgijg'[-^]), the composition 
of pff^g/ with the map Rg^g' —> ^kis representation we deduce 

from the structure of tame inertia, and the fact that Xg/ is not a zero-divisor 
in .R^usVyr]’ for s' G S' the ratio of the eigenvalues of the image of 

a lift of Frobs' is s'. Now upon using the facts that = hF(k) and 

0 7^ (^s') (p) in the corollary follows. 
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We end this section by indicating an application of Theorem 13 to a 
conjecture of Fontaine-Mazur. Conjecture 2c of [FM] in our situation trans¬ 
lates as saying that there are only hnitely many morphisms Rsus' ^(^) 
(taking K = hF(k) in the notation of loc. cit.). By a use of the hnite- 
ness theorem of Hermite-Minkowski this is equivalent to saying that a mor¬ 
phism TT : Rs\js' fF(k) cannot be the nontrivial limit of morphisms 
TTj : Rgus' ^(k), i-e., if for any n, TTi = n (mod p”) for i large enough, 
then TTj is eventually constant. In this situation we provide an application of 
Theorem [TSl: 


Proposition 20 Ifn: Rg^js' —*■ hF(k) and ker(7r)/ker(7r)^ is a finite abelian 
group, then any sequence of morphisms vTj : Rg^s' —^ W (k) that tends to n 
is eventually constant. Thus for a ramified auxiliary set S , the morphism 
^sus' ~ kF(k) cannot be the non trivial limit of morphisms 

TTj : Rgug' —^ W (k) . 

Proof: The second part follows from Theorem and the hrst. We prove 
the hrst part. Let p” be the exponent of ker(7r)/ker(7r)^ and we claim that 
if TTj = TT mod then VTj = tt. If not there is a n' > n -1- 1 such that 

TTj = TT mod p"^ but TTj is not congruent to vr mod p" But then iTi — tt : 
p! p^ hF(k)/p^” Wik) is surjective. This contradicts the fact that p" is 
the exponent of ker(7r)/ker(7r)^. 


5 Odds and ends 

5.1 Parity 

We prove a proposition that is needed in [K]. 

Proposition 21 We can choose an auxiliary set S so that its cardinality is 
of any given parity. 

Proof. We sketch the proof. Consider any auxiliary set S' . We may assume 
that it is not of the desired parity. We add a prime wi not congruent to ±1 
mod p that is special for p. If S U{tai} is an auxiliary set, take S = S U{rai} 
and we are done. Otherwise the Selmer group Adfiij))) is one 

dimensional as is the dual Selmer group H^^{GAdfiifp)*). Let ip 
span the Selmer group and 0 span the dual Selmer group. Simply choose 


18 



a prime W 2 such that ip is trivial at 0^2 and 0 does not map to zero in 
We then see that the dual Selmer group 
is one dimensional. Now annihilate this dual Selmer group by choosing an 
appropriate and take S to be the auxiliary set S U { 101 , 102 , 103 } and we 
are done. 


5.2 Finer structure of deformation rings 

We make the following conjecture for any ramihed auxiliary set S' = {sj,..., s^} 


that is guaranteed to exist by Theorem 112 


Conjecture 22 The ring Rsus' ® finite flat complete intersection over 
W{k). 


Remark: 

The recent work of Taylor, cf. [Tl], will imply this for odd p in many cases 
(using G. Bockle’s arguments in the appendix to [K]). There is some evidence 
in the even case in [R4] and [B]. 

Conjecture 23 In the situation of Theorem}!^, the abelian group Ps'/P^s' 
that was proved to he a subgroup of (BfW(k) /{p^fi in Theorem is in fact 
isomorphic to ©”lT(k)/(p™'0 

Let (Js'. be a lift of Frobenius in the Galois group of the maximal tame 
extension of Q^' as before. Denote by as', the ratio of the eigenvalues of 
univ!^ \ The a o' are well-dehned and independent of choice of the lift a s'- 

' O ^ i' i i 

Using the results of [Bo], and because of our assumption that s\ is not ±1 
mod p we have: 

Proposition 24 The kernel of the surjective map Rs^Js' —> 
ideal generated by ( 0 ^/^ — sj,..., — s^). 

5.3 Infinite ramification 

In [Rl] it was proved that there exist odd 2 dimensional continuous, ir¬ 
reducible p-adic Galois representations ramihed at inhnitely many primes. 
Theorem 2 of that paper proved, assuming the GRH, the existence of odd 2 
dimensional p-adic Galois representations ramihed at inhnitely many primes 
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that were crystalline at p. Here we remove the GRH hypothesis and prove 
there exist even 2 dimensional p-adic Galois representations ramihed at in- 
hnitely many primes. 

Theorem 25 Let p : Gq —>• GL 2 {k) satisfy the hypotheses of the introduc¬ 
tion. 

a) If p is even then there exists a deformation p : Gq —GL 2 (hh(k)) of p 
ramified at infinitely many primes. 

h) If p is odd then there exists a a deformation p : Gq —> GL 2 (hh(k)) off) 
ramified at infinitely many primes that is potentially semistable at p. 

Remark: 

For E/q an elliptic curve without complex multiplication it is a well known 
result of Serre that for almost all p, the p-torsion of E gives rise to a p to 
which part h) oi the theorem applies. 

Proof. Note for p in part b) that Cp consists of either 

• deformations of pIg^ of hxed positive rational integral weight that are 
after a hxed hnite twist ordinary 

• or deformations that after a hxed hnite twist come from irreducible 
Fontaine-Lafaille modules of hxed hltration length. 

We will construct our global representation as a p-adic limit of global repre¬ 
sentations whose restrictions to Gp all he in Cp. Since each of the two classes 
above is closed under limits we get that our limit representation is either 
potentially ordinary or potentially crystalline, hence potentially semistable. 

Ghoose an auxiliary set S'q for p. We have deformation of p cor¬ 
responding to the isomorphism — fF(k). We proceed to inductively 

construct a sequence of characteristic zero representations ramihed at more 
and more primes whose p-adic limit is the desired p. 

Let n = 1. As in Lemma choose a prime qi unramihed in and 

special at qi (in particular qi ^ ±1 mod p) but 
special at qi. If Sq U {gi} is auxiliary then there is the unique deformation 
P corresponding to the isomorphism — hF(k). 

This unique deformation cannot be unramihed at qi. For if it were, the 
eigenvalues of '\Erobqf) would have ratio qi. Being unramihed at 
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qi this characteristic zero deformation of p would necessarily be But 

the eigenvalues of do not have ratio qi by choice. 

Suppose then that S'q U {gi} is not an auxiliary set. Following Lemma | 
we can find a prime q 2 such that: 

>5oU{iji}-neui . • i j. u S'r,U{qi}-new . , • i j. 

• dsus'u{gi},n IS special at ga but p/us'u{gi},n+i is not special at ga. 


• S'g = S'q U {gi, g 2 } is auxiliary. 

Then is the unique deformation of p corresponding to the isomor¬ 
phism — hF(k). It is ramified at at least one of gi, g 2 , for otherwise 


1 1 , SI!—new SL—new , SL—new,„ , x , SL—new,„ , 

we would have Pgjgu = Pgjgf and Pgyjgi {rrobq^) and Pg[jg/ [rrobq^ 
would have eigenvalues with ratio gi and g 2 respectively, a contradiction to 
how these primes were chosen. 

If we are in the first case put S[ = SqU {gi}. If we are in the second 


St—new 


case put S[ = Sq = SqU {gi,g 2 }- In either case S[ is auxiliary, pg[jg, ^ = 


St-new ^ St—new 

PsuSt,n PsuSt 


is ramihed at at least one prime of S[\Sq. 


Continuing 


the induction we get a sequence of deformations Pggg^^^ such that Pggg^^^ 
is ramihed at at least one prime of and this sequence converges 

p-adically. The limit deformation is ramihed at inhnitely many primes. 


Remarks: 

1) If p is odd and has Serre weight between 2 and p, one sees from the proof 
that we can arrange for the p of the theorem to also be crystalline. 

2) Fontaine and Mazur have conjectured in [FM] that all irreducible hnite 
dimensional p-adic representations of the absolute Galois group of a number 
held F that are potentially semistable at all primes above p and have hnite 
ramihcation arise in the etale cohomology of some variety over F. Part b) 
of Theorem ^ shows that hypotheses of hnite ramihcation and potential 
semistability are independent. 

3) Assuming p is modular. Theorem 1 of [K] can be used to give another 
proof of part b) of Theorem ^ 

4) Mestre has shown in [Me] that SL 2 {Fr) is a regular extension of Q(T). 
Specialization gives us an inhnite supply of SL 2 {Fr) extensions of Q. It is 
an exercise in local class held theory to see that none of these representa¬ 


tions, when restricted to G 7 , are twists of 


X 0 
0 1 


or the indecomposable 
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representation 

sitnations. 


. Thus part a) of Theorem ^ applies in all these 



* 

1 
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